Hypercentrally embedded subgroups of finite groups can be characterized in terms of permutability as those subgroups which permute with all pronormal subgroups of the group. Despite that, in general, hypercentrally embedded subgroups do not permute with the intersection of pronormal subgroups, in this paper we prove that they permute with certain relevant types of subgroups which can be described as intersections of pronormal subgroups. We prove that hypercentrally embedded subgroups permute with subgroups of prefrattini type, which are intersections of maximal subgroups, and with -normalizers, for a saturated formation . In the soluble universe, -normalizers can be described as intersection of some pronormal subgroups of the group. 
Introduction
All groups considered in this paper are finite.
Within the general theory of subnormal subgroups, a considerable amount of effort has been addressed in the last few years to study certain conditions of permutability. In this context, subgroups which permute with all Sylow subgroups, or S-permutable subgroups, are of particular interest. S-permutable subgroups were introduced by Kegel in [14] . In this paper, Kegel proved that S-permutable subgroups form a sublattice of the lattice of subnormal subgroups. The influence of S-permutable subgroups in the structure of groups is quite clear. For instance, if each maximal subgroup of any Sylow subgroup of a group G is S-permutable in G, then G is supersoluble [17] . Another example is that, if A and B are two S-permutable soluble subgroups of a group G such that G = AB, then G is soluble [18] . We may find many other results on this line in the literature (see for example [5] or [1] ).
A special type of S-permutable subgroup is a hypercentrally embedded subgroup. Recall that a subgroup H of a group G is in the hypercentre Z ∞ .G/ (that is, the last member of the ascending central series of G) if and only if H normalizes each Sylow subgroup of G. A subgroup T of a group G is said to be hypercentrally embedded in G if the section T G =T G lies in the hypercentre of the quotient group G=T G :
where T G denotes the core of T in G, that is, the largest normal subgroup of G contained in T and T G denotes the normal closure of T in G, that is, the smallest normal subgroup containing T .
In [10] it is proved that hypercentrally embedded subgroups form a sublattice of the lattice of S-permutable subgroups. Carocca and Maier, in [6] , and Schmid, in [16] , characterized hypercentrally embedded subgroups in the following way. PROPOSITION 
Let G be a group and T a subgroup of G. The following conditions are equivalent: (i) T is a hypercentrally embedded subgroup of G. (ii) T permutes with every pronormal subgroup of G. (iii) T is a S-permutable subgroup which permutes with the normalizers of all Sylow subgroups of G.
A short proof of these equivalences appears in [9] . It is clear that if a subgroup T of a group G permutes with two subgroups A and B, then T permutes with the join A; B but not, in general, with the intersection A ∩ B. In general, hypercentrally embedded subgroups do not permute with the intersection of pronormal subgroups (see Example 1 of Section 5).
Our aim here is to prove that hypercentrally embedded subgroups permute with some types of relevant subgroups which, in general, are non-pronormal. These subgroups are the -normalizers, for a saturated formation , and subgroups of prefrattini type. The importance of -normalizers and prefrattini subgroups in soluble groups come from the fact that, defined in terms of intersection of some special pronormal subgroups, they localize some particular information of the normal structure of the whole group. The extension of these concepts to the general finite, nonnecessarily soluble, universe, following the well-known program of Wielandt, was an important challenge succesfully solved in [2, 3, 4] . These generalizations, done with no use of the classical Hall theory of soluble groups, give new light to nonarithmetical properties of maximal subgroups. It is surprising to realize that, in the general context, although -normalizers and subgroups of prefrattini type lose their cover and avoidance properties, they keep their excellent permutability properties, which are reinforced by the results we present in this paper.
It is worth remarking that, in general, these factorizations are not valid for Spermutable subgroups instead of hypercentrally embedded subgroups (see Example 2 of Section 5). In fact, Schmid proved in [16] that, in the soluble universe, hypercentrally embedded subgroups can be characterized as those S-permutable subgroups which permute with some system normalizer of the group.
A related result appears in [10] involving -hypercentrally embedded subgroups of soluble groups. These subgroups are a natural extension to the concept of hypercentrally embedded subgroups by considering the -hypercentre of the group. In [10] it is proved that if is a saturated formation containing all nilpotent groups and G is a soluble group, then an S-permutable subgroup of G is -hypercentrally embedded in G if and only if it permutes with all -normalizers of G. This result is an extension of the above mentioned Schmid theorem ( [16] ).
In Section 4, we extend the factorizations obtained in the two previous sections. In the soluble case, subgroups whose Sylow subgroups are also Sylow subgroups of hypercentrally embedded subgroups also permute with the -normalizers and with the subgroups of prefrattini type associated to a fixed Hall system of the group.
Let us summarize the main properties of hypercentrally embedded subgroups which are used in the sequel. 
Factorizations with -normalizers
In this section we assume that is a saturated formation. Our next result shows that in fact hypercentrally embedded subgroups of finite not-necessarily soluble groups permute with -normalizers for any saturated formation .
First we observed that -normalizers are not pronormal subgroups in general. In the symmetric group of degree 4, G = Sym.4/, the conjugacy class of all Sylow normalizers, or AE -normalizers, is the set Nor AE .G/ = { t : t is a transposition}. If t ∈ Nor AE .G/ were pronormal in G, then t would be pronormal and subnormal, and then normal, in any Sylow 2-subgroup of G containing it, which is not true.
However, -normalizers can be described in soluble groups as intersections of some pronormal subgroups (see [7, V.2 
.2]). THEOREM 2.1. Let be a saturated formation and let G be a group. If T is a hypercentrally embedded subgroup of G and D is an -normalizer of G, then T D = DT .
PROOF. Suppose that the theorem is not true and let G be a minimal counterexample. In G we choose a hypercentrally embedded subgroup T such that T does not permute with some -normalizer D of G and T is of minimal order with these conditions.
Since -normalizers are preserved under epimorphic images and the same happens to hypercentrally embedded subgroups by Proposition 1.2 (i), it follows that D.T N/ is a subgroup of G for every non-trivial normal subgroup N of G, by minimality of G. This implies that T is a core-free subgroup of G and then T ≤ Z ∞ .G/. In particular, T is a nilpotent group.
Every Sylow subgroup of T is hypercentrally embedded in G and then, if T is not of prime-power order, every Sylow subgroup of T permutes with D, by minimality of T . But this implies that T permutes with D, a contradiction. Consequently, T is a subnormal p-subgroup of G, for some prime p.
If H=K is avoided by M, then M is a normal subgroup of G complementing H=K . In particular |G : M| = p = |H=K |, for the prime p dividing the order of T . Since M is -abnormal in G, it follows that p = ∈ char . But D is an -group and then a p -group, by [7, IV.4.3] 
In particular, DT = TD, which is a contradiction. Consequently, M covers every chief factor of G under T G . This implies that T ≤ T G ≤ M. By Proposition 1.2 (iii), it follows that T is hypercentrally embedded in M. Since D is an -normalizer of M, we have that TD is a subgroup of M, by minimality of G. This is the final contradiction. REMARK 1. The converse of Theorem 2.1 is not true in general. For this, see [5] Factorizations 247 , it is not difficult to prove that each -hypercentrally embedded subgroup of a finite group permute with every -normalizer of the group.
The converse is not true in general. In fact, in [10] it is proved that, to obtain the converse in the soluble case, the saturated formation must contain all nilpotent groups and the subgroup which permutes with all -normalizers must be S-permutable in the group.
Hypercentrally embedded subgroups are subgroups with the cover and avoidance property (see [10, Theorem 5] ). In the soluble universe, -normalizers are subgroups which cover the -central chief factors and avoid the -eccentric ones. The factorization of the previous theorem produces, in a soluble group, a new subgroup with the cover and avoidance property. (
ii) The subgroup D ∩ T possesses the cover and avoidance property in G. More precisely, D ∩ T covers the -central chief factors of G covered by T and avoids the rest.
PROOF. Using routine order arguments, the statement (ii) can be deduced from (i). Therefore, we have only to prove (i).
Assume that the result is false and let G be a minimal counterexample. Let H=K be a chief factor of G. If either H=K is covered by T or is -central, then H=K is covered by DT . Thus we may assume that there exists an -eccentric chief factor H=K of G which is avoided by T but is not avoided by DT .
Write N = T G and suppose that N = 1. Since T avoids H=K , then HN=KN is a chief factor of G which is G-isomorphic to H=K . Moreover, 
and DT avoids H=K , which is a contradiction. Therefore, necessarily, T G = 1. Thus T is a subgroup of Z ∞ .G/.
Let
This to say that DT avoids H=K and this is the final contradiction.
Factorizations with subgroups of prefrattini type
The classical prefrattini subgroups of soluble groups, introduced by Gaschütz and extended by Hawkes (see [11, 12] ), are defined as intersections of certain maximal subgroups into which a fixed Hall system reduces. Obviously this choice of maximal subgroups cannot be done in the general non-soluble universe. The extension of prefrattini subgroups to finite non-necessarily soluble groups presented in [3] is possible by a new approach which does not depend on the arithmetical properties which characterize solubility. This is the origin of the systems of maximal subgroups, introduced in [3] . Later, in [4] , the same authors introduced the concept of a weakly solid (or simply w-solid) set of maximal subgroups following some ideas due to Tomkinson. Equipped with this new definition, the authors were able to extend the idea of subgroups of prefrattini type to a finite group. In a group G, given a w-solid set of maximal subgroups X, the X-prefrattini subgroup of G associated to a system of maximal subgroups Ë is just the intersection of all maximal subgroups in X ∩ Ë . DEFINITION 3.1. Let G be a group, X a w-solid set of maximal subgroups of G and Ë a system of maximal subgroups of G.
(a) ( [4] ) Suppose that X ∩ Ë = ∅ and form the subgroup W .G; X; Ë / = M∈X∩Ë M. We say that W .G; X; Ë / is the X-prefrattini subgroup of G associated to Ë . Moreover, if X ∩ Ë = ∅, then we put W .G; X; Ë / = G.
(b) We will say that a subgroup W is a subgroup of prefrattini type of G if W is the X-prefrattini subgroup of G associated to Ë , for some system Ë of maximal subgroups of G and some w-solid set X of maximal subgroups of G.
When X is the set of all maximal subgroups of a soluble group, the X-prefrattini subgroups are just the classical Gaschütz prefrattini subgroups associated to the Hall systems. In fact, as it was remarked in [4] , this definition extends the classical ones due to Gaschütz, Hawkes, Förster and Kurzweil (see [7] for details of these constructions).
A maximal subgroup is pronormal into the group. Thus a subgroup of prefrattini type is always an intersection of pronormal subgroups. But, in general, it is not pronormal. In the symmetric group of degree 4, G = Sym.4/, if t is a transposition and we consider a core-free maximal subgroup M of G such that t ∈ M and a Sylow 2-subgroup P of G such that t ∈ P, then t = P ∩ M. Therefore, t is a subgroup of prefrattini type of G. But t is non-pronormal in G.
Our aim here is to obtain a factorization of subgroups of prefrattini type with hypercentrally embedded subgroups in a finite group. Observe that the new subgroup appearing is again a subgroup of prefrattini type.
THEOREM 3.2. Let G be a group and X a w-solid set of maximal subgroups of G. (i) For any subgroup H of G, the set X H = {M ∈ X : H ≤ M} is a w-solid set of maximal subgroups of G.
(
ii) Let T be a hypercentrally embedded subgroup of G. If Ë is a system of maximal subgroups of G, then the X T -prefrattini subgroup of G associated to
PROOF. It is an easy exercise to check that X H is a w-solid set of maximal subgroups of G whenever X is.
To prove (ii) assume that the theorem is false and let G be a counterexample of minimal order. Then G has a w-solid set of maximal subgroups X, a system of maximal subgroups Ë and a hypercentrally embedded subgroup T = 1 such that W .G; X T ; Ë / = T W .G; X; Ë /. Let us denote W := W .G; X; Ë / and W T := W .G; X T ; Ë /.
Let N be any minimal normal subgroup of G. The set where Soc a .G/ denotes the abelian socle of G (see [7, A.10.6] ). It follows that Z ∞ .G/ is generated by some minimal normal subgroups of G, all of which must be central, because they are covered by
In particular, T is a non-trivial normal subgroup of G. But this contradicts our assumption that Core G .T / = 1. This is the final contradiction.
An extension of the previous results
Makan in [15] proved that, in the soluble universe, normally embedded subgroups also factorize with (Gaschütz-)prefrattini subgroups and -normalizers. Recall that normally embedded subgroups are subgroups whose Sylow subgroups are also Sylow subgroups of normal subgroups. In [15] all proofs depend heavily on the structure of normally embedded subgroups of finite soluble groups and in particular on the cover and avoidance properties.
In the soluble universe, our Theorems 2.1 and 3.2 can be extended to factorizations involving subgroups whose Sylow subgroups are also Sylow subgroups of hypercentrally embedded subgroups. However our proofs are essentially different to those of Makan and, for instance, do not use cover and avoidance properties. In the soluble universe, we may describe the local-hypercentrally embedded subgroups in terms of hypercentrally embedded subgroups in the following way. The proof appears in [8] . 
Moreover, for every p, T p is such that Next we will see that, using the description in Proposition 4.2 for local-hypercentrally embedded subgroups, we may obtain that these subgroups permute with subgroups of prefrattini type.
In a soluble group G, for a given system of maximal subgroups Ë of G, there is always a Hall system 6 of G such that Ë = Ë .6/, the set of maximal subgroups of G such that 6 reduces into them (see [3] ). If X is a w-solid set of maximal subgroups of G and Ë = Ë .6/, we write simply W .G; X; 6/ instead of W .G; X; Ë.6//. Construct the semidirect product
.G/ and then U is contained in all Sylow 2-subgroups of G. Hence U is an S-permutable subgroup of G. (ii) Since V is a minimal normal subgroup of G and 1 = U = U ∩ V = V , the subgroup U does not possess the cover and avoidance property in G.
(iii) The subgroup b is a system normalizer of G, that is, an AE -normalizer of G, for AE the saturated formation of all nilpotent groups. The subgroup U does not permute with b . Hence, Theorem 2.1 does not hold for S-permutable subgroups in general.
(iv) If we consider the w-solid set of maximal subgroups X := {D; P} of G, where P = V b , then X U = {P}. Let 6 be a Hall system of G such that P ∈ 6, then W .G; X; 6/ = b and W .G; X U ; 6/ = P. Nevertheless, the product U b is not a subgroup of G and obviously U b = P. Hence Theorem 3.2 is not true for S-permutable subgroups. EXAMPLE 3. The converse of Theorem 2.1 is not true in general. In [10] appears a counterexample using the saturated formation of all 3-groups. Here we present a counterexample, suggested by the referee, using a saturated formation of full characteristic.
Let G = Alt.5/ be the alternating group of degree 5. Let us consider A 2 .G/, the 2-Frattini G-module and E = E 2 .G/, the maximal 2-elementary Frattini extension of G. Then E=8.E/ is isomorphic to Alt.5/ and 8.E/ ∼ = A 2 .G/ is an elementary abelian normal 2-subgroup of E. (See [7, Appendix þ] for details about Frattini extensions).
Let be the class composed of all finite groups with no epimorphic image isomorphic to Alt.5/. The class is a saturated formation containing all soluble groups. Clearly, E ∈ .
Let us see that the set of all -normalizers of E coincides exactly with the set of all maximal subgroups of E. For this, let us take a maximal subgroup M of E. The quotient M=8.E/ is a maximal subgroup of E=8.E/ ∼ = Alt.5/. Therefore, M=8.E/ is soluble and so is M. In particular, M ∈ . Since E=8.E/ is a simple group, it follows that E = F .E/, where F .E/ = Soc.E mod 8.E//. Thus M is an -normalizer of E.
Recall that Soc.A 2 .G// is a completely reducible G-module. If all irreducible submodules of Soc.A 2 .G// were trivial, then C E .Soc.A 2 .G/// = E. But, by the Griess-Schmid theorem, we know that C G .Soc.A 2 .G/// = O 2 2 .G/ = 1. Hence C E .Soc.A 2 .G/// = 8.E/. Therefore, there exists a non-central minimal normal subgroup N of E such that N ≤ 8.E/.
Clearly, N is not of order 2. Thus we may consider a subgroup T of order 2 such that T < N . It follows that T is a core-free subgroup such that T ∩ Z ∞ .E/ ≤ N ∩ Z ∞ .E/ = 1. Hence, T is not a hypercentrally embedded subgroup of E.
Finally, since T ≤ N ≤ 8.E/ and the -normalizers of E are exactly the maximal subgroups of E, it is clear that T permutes with all -normalizers of E.
